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ENERGY-MINIMIZING MAPS FROM MANIFOLDS WITH
NONNEGATIVE RICCI CURVATURE
JAMES DIBBLE
Abstract. The energy of any C1 representative of a homotopy class of maps
from a compact and connected Riemannian manifold with nonnegative Ricci
curvature into a complete Riemannian manifold with no conjugate points is
bounded below by a constant determined by the asymptotic geometry of the
target, with equality if and only if the original map is totally geodesic. This
conclusion also holds under the weaker assumption that the domain is finitely
covered by a diffeomorphic product, and its universal covering space splits
isometrically as a product with a flat factor, in a commutative diagram that
follows from the Cheeger–Gromoll splitting theorem.
1. Introduction
Eells–Sampson [13] showed that a C2 map from a compact manifold with nonneg-
ative Ricci curvature into a complete manifold with nonpositive sectional curvature
is harmonic if and only if it is totally geodesic. Hartman [16] further showed that
every such harmonic map minimizes energy within its homotopy class. This paper
presents a partial generalization of these results under the additional assumption
that the original map is homotopic to a totally geodesic map. This is done by show-
ing that the asymptotic geometry of N yields a lower bound for the energy of maps
in a given homotopy class that is realized by, and only by, totally geodesic maps.
In the special case of a domain with nonnegative Ricci curvature and a target with
no conjugate points, this takes the following form.
Theorem 1.1. Let M be a compact and connected C2 Riemannian manifold with
nonnegative Ricci curvature, N a complete Riemannian manifold with no conjugate
points, and [F ] a homotopy class of maps from M to N . Then, for the flat semi-
Finsler manifold K and totally geodesic surjection S : M → K constructed in
subsection 3.5, the following holds: For any C1 map f ∈ [F ], E(f) ≥ E(S), with
equality if and only if f is totally geodesic.
The Cheeger–Gromoll splitting theorem [6] states that the Riemannian universal
covering space of M splits isometrically as a product M0×Rk, while the semi-Finsler
universal covering space of K is Rm. The above map S lifts to a totally geodesic
map M0 × Rk → Rm that is constant on each M0-fiber and an affine surjection on
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2 JAMES DIBBLE
each Rk-fiber. Moreover, if f is totally geodesic, then K is Riemannian and embeds
isometrically in N in such a way that f = S.
The more general version of Theorem 1.1 holds for compact domains that are
finitely covered by a product M1 ×Tk in a commutative diagram of the form (2.4)
that, by the Cheeger–Gromoll splitting theorem, holds wheneverM has nonnegative
Ricci curvature. An example is given to show that such domains may have some
negative Ricci curvature.
These results build on the work of Croke–Fathi [10] relating energy and inter-
section. Without curvature assumptions on M and N , they proved a lower bound
for the energy of any C1 representative of a homotopy class of maps [F ] from M
to N , one which is realized only by maps called homotheties. They define the
intersection of a map f : M → N to be
i(f) = lim
t→∞
1
t
∫
SM
φt(v) dLiouSM (v),
where LiouSM is the Liouville measure on the unit sphere bundle pi : SM → M ,
Φ : SM × R→ SM is the geodesic flow, Φt(·) = Φ(·, t), and
φt(v) = min{L(γ)
∣∣ γ : [0, t]→ N is endpoint-fixed homotopic to the
curve s 7→ f(pi ◦ Φs(v)) for 0 ≤ s ≤ t}.
Intersection turns out to be invariant under homotopy, so one may define the inter-
section of [F ] by i([F ]) = i(f) for any f ∈ [F ]. If g and h denote the Riemannian
metrics on M and N , respectively, a homothety is a map f : M → N such that
both f∗(h) = cg for some c ≥ 0 and the image under f of each geodesic in M mini-
mizes length within its endpoint-fixed homotopy class. For each n ∈ N, denote by cn
the volume of the unit sphere Sn ⊆ Rn+1, where, by convention, S0 = {−1, 1} ⊆ R
has volume c0 = 2.
Theorem 1.2 (Croke–Fathi). Let M and N be Riemannian manifolds and n =
dim(M). If [F ] is a homotopy class of maps from M to N , then, for any C1 map
f ∈ [F ],
E(f) ≥ n
2c2n−1vol(M)
i2([F ]),
with equality if and only if f is a homothety.
There are natural generalizations of energy and length to maps into semi-Finsler
manifolds. For the class of maps to which Theorem 1.1 applies, the intersection is
a constant multiple, depending only on the dimensions of the factors in M1 × Tk,
of the length the totally geodesic surjection S.
For a more general class of NNRC-like domains, energy may be used to identify
totally geodesic maps in addition to certain types of homotheties. A version of this
phenomenon is recorded in Theorem 3.1, the statement of which is rather technical.
When N has no conjugate points, a slightly simpler statement holds.
Theorem 1.3. Let M be a compact n-dimensional C1 Riemannian manifold and
ψ1 : M1 ×Tk →M a finite covering map, where M1 ×Tk appears in a NNRC dia-
gram (2.4) that commutes isometrically and in which the manifold M0 is compact.
Let N be a Riemannian manifold with no conjugate points and [F ] a homotopy class
of maps from M to N . Then, for the flat semi-Finsler manifold K and the totally
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geodesic surjection S : M → K constructed in subsection 3.5, the following holds:
For any C1 map f ∈ [F ],
E(f) ≥ E(S) ≥ kc
2
kcn−1
nc2nc
2
k−1
L2(S)
vol(M)
≥ 1
cn−1
L2(S)
vol(M)
.
Moreover, each of the following holds:
(a) E(f) = E(S) if and only if f is totally geodesic;
(b) E(f) =
kc2kcn−1
nc2nc
2
k−1
L2(S)
vol(M) if and only if f ◦ψ1 is constant along each M1-fiber and
a homothety along each Tk-fiber;
(c) E(f) = 1cn−1
L2(S)
vol(M) if and only if f is a homothety.
The final inequality, which is simply a statement about the volumes of spheres, is
included because, in principle, the corresponding geometric conditions are different.
However, the inequality is strict if and only if inff∈[F ]E(f) > 0 and k < n, in which
case the energy level 1cn−1
L2(S)
vol(M) is unattainable within [F ].
Organization of the paper. The second section contains background informa-
tion. Subsection 2.1 defines the energy and length of a map between manifolds
and, following the work of Croke, recharacterizes them using Santalo´’s formula.
Subsection 2.2 describes the asymptotic norm of a Zk-equivariant metric on Zk.
Subsection 2.3 discusses totally geodesic maps into manifolds with no conjugate
points and, in particular, uses the Poincare´ recurrence theorem to characterize to-
tally geodesic maps from manifolds with finite volume that act trivially on the
fundamental group. Section 2.4 defines the class of domains to which Theorem 1.1
generalizes, which are those that are finitely covered by a diffeomorphic product in a
commutative diagram inspired by the Cheeger–Gromoll splitting theorem. Section
2.5 is about the beta and gamma functions and the volumes of spheres.
The main theorems are proved in the third section. Subsection 3.1 contains the
most general result to be proved, the statement of which is rather long and technical.
Subsection 3.2 defines the semi-Finsler torus and affine surjection associated to a
homotopy class of maps. Subsection 3.3 relates the intersection of a homotopy class
to the length of that affine surjection. Subsection 3.4 contains the proof of the main
theorem. Subsection 3.5 specializes to the case of a target with no conjugate points.
2. Preliminaries
2.1. Energy and length. All manifolds in the paper are assumed to be C1, and
those satisfying curvature bounds are assumed to be C2. The energy density
of a C1 map f : M → N between Riemannian manifolds (M, g) and (N,h) is
the function ef =
1
2 trace< ·, ·>f−1(TN), where f−1(TN) is the pull-back bundle∐
x∈M Tf(x)N → M and < ·, ·>f−1(TN) is the bundle pseudo-metric obtained by
pulling back h via f . The energy of f is E(f) =
∫
M
ef dvolM . Croke [9] observed
that, as a trace, ef (x) may be computed as an average over the unit sphere SxM ⊆
TxM , endowed with its usual round metric.
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Lemma 2.1 (Croke). Let M and N be Riemannian manifolds with n = dim(M),
f : M → N a C1 map, and x ∈M . Then
(2.1)
ef (x) =
n
2cn−1
∫
SxM
‖v‖2f−1(TN) dvolSxM
=
n
2cn−1
∫
SxM
‖df(v)‖2N dvolSxM .
The expressions on the right-hand side of (2.1) depend only on the norm on TN .
If N is endowed with only a Finsler semi-norm ‖ · ‖N , then the energy density
of a C1 map f : M → N is the function on M defined by (2.1), and the energy
of f is E(f) =
∫
M
ef dvolM . Since the Liouville measure is locally the product
dLiouSM = dvolM × dvolSn−1 , one has (c.f., [9]) that
(2.2)
E(f) =
n
2cn−1
∫
M
∫
SxM
‖df(v)‖2N dvolSxM dvolM
=
n
2cn−1
∫
SM
‖df(v)‖2N dLiouSM
Jost [18] gave definitions of energy density and energy for maps from measure spaces
into metric spaces. Centore [4] showed that the above definitions agree with Jost’s
in the Finsler setting and yield a sensible energy functional, in that its minimizers
have vanishing Laplacian.
By analogy with energy, the length density of a C1 map f : M → N at a point
x ∈M is defined here to be
`f (x) =
√
n
2cn−1
∫
SxM
‖df(v)‖N dvolSxM ,
and the length of f is L(f) =
∫
M
`f dvolM , so that
L(f) =
√
n
2cn−1
∫
SM
‖df(v)‖N dLiouSM .
When n = 1, this definition agrees with the usual length of a curve in a semi-Finsler
manifold. According to the Cauchy–Schwarz inequality, ef ≥ 1cn−1 `2f and
(2.3) E(f) ≥ 1
vol(SM)
L2(f) =
1
cn−1vol(M)
L2(f).
In the case that M has piecewise C1 boundary ∂M 6= ∅, denote by ν the inward-
pointing unit normal vector field along the C1 portion of ∂M and S+∂M the
inward-pointing unit vectors there. That is,
S+∂M = {w ∈ S(∂M) ∣∣ g(w, ν) > 0}.
The Liouville measure on SM restricts to a measure LiouS+∂M on S
+∂M . For each
w ∈ S+∂M , denote by T (w) ∈ (0,∞] the supremum of times at which the geodesic
t 7→ pi ◦ Φt(w) is minimal and ςw the restriction of that geodesic to [0, T (w)]. Set
U = {(w, t) ∈ S+∂M × [0,∞) ∣∣ t ≤ T (w)}. As an application of Santalo´’s formula
(see [20] and [21]), Croke (see [8] and [9]) observed that the energy of a map from
a manifold with boundary may be computed as an integral over S+∂M .
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Lemma 2.2 (Croke). Let M be a complete Riemannian manifold with boundary
such that Φ|U : U → SM is surjective. If f : M → N is a C1 map into a
Riemannian manifold, then
E(f) =
n
2cn−1
∫
S+∂M
E(ςw)g(w, ν) dLiouS+∂M (w).
The above conclusion also holds when N is a semi-Finsler manifold, and one may
similarly reformulate the length integral.
2.2. Asymptotic semi-norm of a periodic metric on Zm. It was shown by
Burago [1] that any Zm-equivariant Riemannian metric on Rm is within finite
Gromov–Hausdorff distance of a normed space. In [2], this is partially general-
ized to distance functions on Zm.
Theorem 2.3 (Burago–Burago–Ivanov). Let d : Zm × Zm → [0,∞) be a distance
function that’s equivariant with respect to the action of Zm on itself by addition.
Then there exists a unique semi-norm ‖ · ‖∞ on Rm such that
‖v‖∞ = lim
n→∞
d(0, nv)
n
for all v ∈ Zm. This semi-norm has the following properties:
(i) d(0,v)‖v‖∞ → 1 uniformly as ‖v‖∞ →∞;
(ii) If d is the orbit metric of a free and properly discontinuous action, with compact
quotient, of Zm on a length space, then ‖ · ‖∞ is a norm.
The above terminology is defined in [2]. The semi-norm ‖ · ‖∞ is the asymptotic
semi-norm of d.
If N is a Riemannian manifold and G is a finitely generated and torsion-free
Abelian subgroup of pi1(N), then, with respect to a fixed isomorphism G ∼= Zm,
the action of G on N induces an orbit metric on Zm. Though the corresponding
asymptotic semi-norm ‖ ·‖∞ depends on the choice of isomorphism, in what follows
the appropriate isomorphisms will be implicitly understood. Elementary arguments
show that ‖ · ‖∞ is independent of the choice of basepoint for pi1(N). The following
is a routine application of the triangle inequality.
Lemma 2.4. Let N be a Riemannian manifold and G ∼= Zm a finitely generated
and torsion-free Abelian subgroup of pi1(N). Then the corresponding orbit metric
and asymptotic semi-norm satisfy ‖v‖∞ ≤ d(0, v) for all v ∈ Zm.
2.3. Totally geodesic maps into manifolds with no conjugate points. A
map f : M → N between length spaces is totally geodesic if the composition
f ◦γ : (a, b)→ N is a geodesic whenever f : (a, b)→M is a geodesic. When M and
N are Riemannian, an elementary argument shows that totally geodesic maps have
full regularity (see [12] for details). The same doesn’t necessarily hold for Finsler
N ; for instance, there are singular geodesics in R2 with respect to the constant
Finsler norm ae1 + be2 7→ |a|+ |b|.
If N is Riemannian and γ : [a, b] → N is a geodesic, then γ(a) and γ(b) are
conjugate along γ if there exists a nontrivial normal Jacobi field J along γ that
vanishes at the endpoints. A Riemannian manifold N has no conjugate points if
no two points of N are conjugate along any geodesic connecting them. A complete
N has no conjugate points exactly when each pair of points in its universal covering
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space Nˆ is connected by a unique minimal geodesic (see [19] and [14]). In this case,
Nˆ is diffeomorphic to Rn, N is aspherical, and pi1(N) is torsion-free [17]. According
to the classical theorem of Cartan–Hadamard, manifolds with nonpositive sectional
curvature have no conjugate points, as lengths of Jacobi fields are convex.
Lemma 2.5. Let M be a complete and connected Riemannian manifold with finite
volume and N a length space that admits a locally isometric covering from a space
N˜ in which every geodesic is minimal. If f : M → N is a totally geodesic map with
trivial induced homomorphism on pi1(M), then f is constant.
Proof. Assuming the result is false, one may find an open U ⊆ TM , contained in
a set of the form {v ∈ TM ∣∣pi(v) ∈ U0, ‖v‖ ≤ C0} with compact closure, such that
df 6= 0 on U . Fix v ∈ U , and write x = pi(v). Let
C = max{‖df(w)‖ ∣∣pi(w) ∈ U0, ‖w‖ ≤ C0} > 0,
V = U ∩ TB(x, ε/C), and D = minw∈V ‖df(w)‖ > 0. By the Poincare´ recurrence
theorem, there exist T > 2ε/D and w ∈ V such that z = ΦT (w) ∈ V . Write
y = pi(w). If α and β are minimal geodesics from x to y and z, respectively, then
L(α), L(β) < ε/C. Since the image of the concatenation α ·Φ(w, ·)|[0,T ] ·β−1 under
f is homotopically trivial in N , it lifts to N˜ . The lifts of f ◦ α, f ◦ Φ(w, ·)|[0,T ],
and f ◦ β−1 are minimal geodesics in N˜ which satisfy L(f ◦ Φ(w, ·)|[0,T ]) > 2ε,
L(f ◦ α) < ε, and L(f ◦ β−1) < ε. This contradicts the triangle inequality. 
The requirement that M have finite volume cannot be dropped from Lemma 2.5,
as shown by the universal covering map onto any complete and connected manifold
with no conjugate points.
2.4. Commutative diagrams. This subsection describes the types of domains to
which Theorem 1.1 generalizes. LetM0 andM1 be C
1 manifolds, pi0 : M0×Rk → Rk
and pi1 : M1×Tk → Tk projection onto the second components, and ψ : M0×Rk →
M1 × Tk and φ : Rk → Tk covering maps. The NNRC diagram
(2.4)
M0 × Rk pi0 //
ψ

Rk
φ

M1 × Tk pi1 // Tk
is said to commute isometrically if it commutes, M0, M0 × Rk, and M1 × Tk
are connected Riemannian manifolds, M0 × Rk has a product metric with a flat
Rk-factor, and ψ and φ are local isometries. It’s emphasized that M1 × Tk might
not have a product metric and that pi1 is not necessarily a Riemannian submersion.
This definition is motivated by the following result of Cheeger–Gromoll [7], a
consequence of their celebrated splitting theorem.
Theorem 2.6 (Cheeger–Gromoll). Let M be a compact C2 Riemannian mani-
fold with nonnegative Ricci curvature. Then M is finitely and locally isometrically
covered by a Riemannian manifold M1 × Tk in a diagram of the form (2.4) that
commutes isometrically, in which M0 is compact and simply connected.
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Proof. This is almost exactly the statement of Theorem 9 in [7], which holds in the
case of nonnegative Ricci curvature by Theorem 2 of [6]. However, it’s not immedi-
ately clear that the diffeomorphism Mˆ →M1×Tk therein makes the diagram (2.4)
commute. One may verify that the diffeomorphism they construct is canonical and
takes the image of each M0-fiber to the correct M1-fiber. 
Remark 2.7. As in [7], let Z act on the isometric product S2 × R by rotation
by irrational multiples of 2pi in the first component and translations in the second.
Then the quotient is diffeomorphic to S2×S1 but not finitely covered by an isometric
product. Modifying this so that the initial metric on S2 is no longer round, but still
admits an isometric S1 action, one may obtain a diagram (2.4) that commutes
isometrically but in which M1 × Tk has some negative Ricci curvature.
When the diagram (2.4) commutes, ψ restricts on each M0-fiber to a covering
map onto an M1-fiber. Moreover, there exist a covering map χ : M0 → M1 and a
diffeomorphism ϕ : M0 × Rk →M0 × Rk such that the diagram
(2.5)
M0 × Rk ϕ //
χ×φ &&
M0 × Rk pi0 //
ψ

Rk
φ

M1 × Tk pi1 // Tk
commutes. The map χ may be taken as ρ1 ◦ ψ ◦ ιˆxˆ for any xˆ ∈ Rk, where ιˆxˆ is
inclusion and ρ1 is projection onto the first component of M1 × Tk. The map ϕ is
a lift of χ× φ along ψ, which may be shown to exist by general homotopy theory.
Lemma 2.8. Suppose the diagram (2.4) commutes isometrically, M1 is compact,
N is a Riemannian manifold with Riemannian universal covering map pi : Nˆ → N ,
and f : M1 × Tk → N is a continuous function such that f ◦ ιz(·) = f(·, z) induces
the trivial homomorphism on pi1(M1) for each z ∈ Tk. Then there exist maps fˆ
and Fˆ such that diagram
(2.6)
M0 × Rk Fˆ //
ψ

fˆ
##
Nˆ
pi

M1 × Tk f // N
commutes. Moreover, for any R ≥ 0, there exists C ≥ 0 such that any lift Fˆ
satisfies diam
(
Fˆ (M0 ×B(zˆ, R))
) ≤ C for all zˆ ∈ Rk.
Proof. Write fˆ = f ◦ ψ. The topological assumption on f implies that fˆ lifts to a
map Fˆ : M0×Rk → Nˆ such that the diagram (2.6) commutes. The homotopy lifting
property implies that Fˆ ◦ϕ is constant on each fiber of χ× id : M0×Rk →M1×Rk.
It follows that Fˆ ◦ ϕ descends to a map F : M1 × Rk → Nˆ such that the diagram
M0 × Rk ϕ //
χ×id

M0 × Rk Fˆ //
ψ

fˆ
##
Nˆ
pi

M1 × Rk id×φ //
F
22
M1 × Tk f // N
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commutes.
Fix R ≥ 0. Define D : Tk → [0,∞) by D(z) = diam(F (M1 × B(zˆ, R))) for any
zˆ ∈ φ−1(z). Since φ and pi are local isometries, D is well defined. One may show
that D is independent of the choice of lift Fˆ . By continuity, D is bounded above
by some C ≥ 0. The result follows. 
It will also help to characterize certain totally geodesic maps from finite-volume
M1 × Tk into manifolds with no conjugate points. Note that, when the diagram
(2.4) commutes isometrically, each M1-fiber of M1 × Tk must be totally geodesic.
Lemma 2.9. Suppose the diagram (2.4) commutes isometrically, M1×Tk has finite
volume, N is a Riemannian manifold such that every geodesic in Nˆ is minimal,
and f : M1 × Tk → N is a continuous function such that f ◦ ιz induces the trivial
homomorphism on pi1(M1) for each z ∈ Tk. Then f is totally geodesic if and only
if f is constant along each M1-fiber and, for each p ∈M1, f ◦ ιp is totally geodesic.
Proof. Suppose f is constant along each M1-fiber and, for each p ∈ M1, f ◦ ιp is
totally geodesic. Since φ is a local isometry and pi1 ◦ψ = φ◦pi0, fˆ is constant along
each M0-fiber and each fˆ ◦ ιpˆ is totally geodesic. Since M0 × Rk has a product
metric, fˆ is totally geodesic, which, since ψ is a local isometry, means f is as well.
Conversely, suppose f is totally geodesic. Note that f must be C1. Since M1×Tk
has finite volume and each M1-fiber is totally geodesic, the coarea formula implies
that almost all M1-fibers have finite volume. By Lemma 2.5 and a continuity
argument, f must be constant along each M1-fiber. A short additional argument
now shows that each f ◦ ιp is totally geodesic. 
Lemma 2.10. Suppose the diagram (2.4) commutes. If χ is finite with κ0 sheets
and B ⊆ Rk is a fundamental domain of φ, then M0 × B is the union of κ0
fundamental domains of ψ.
Proof. From the diagram (2.5), one sees that, whenever A ⊆ M0 and B ⊆ Rk are
fundamental domains of χ and φ, respectively, ϕ(A×B) is a fundamental domain
of ψ. For any pˆ ∈ M0, pi0 ◦ ϕ ◦ ιˆpˆ is a deck transformation of φ. Therefore,
B0 = (ρ0 ◦ ϕ ◦ ιˆpˆ)−1(B) is a fundamental domain of φ. For any zˆ ∈ Rk, ρ0 ◦ ϕ ◦ ιˆzˆ
is an automorphism of M0. Thus M0 × B = ϕ(M0 × B0), from which the result
follows. 
Remark 2.11. If the diagram (2.4) commutes isometrically, Γ is the deck trans-
formation group of ψ, and I (M0) and I (Rk) are the isometry groups of M0 and
Rk, respectively, then Γ ⊆ I (M0)×I (Rk).
Remark 2.12. Suppose the diagram (2.4) commutes isometrically, M0 has finite
volume, and χ has κ0 sheets. Since ψ restricts on each M0-fiber to a local isometry
χzˆ = ρ1 ◦ ψ ◦ ιˆzˆ onto a totally geodesic M1-fiber of M1 × Tk, and the number of
sheets of χzˆ must be constant in zˆ ∈ Rk, each M1-fiber has volume 1κ0 vol(M0).
2.5. Beta and gamma functions. An inequality about the volumes of the unit
spheres Sn ⊆ Rn+1 will be used in the proof of Theorem 3.1.
Lemma 2.13. Let n ≥ k. Then nc2nc2k−1 ≤ kc2kc2n−1, with equality if and only if
n = k.
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Let C+ = {z ∈ C
∣∣Re(z) > 0}. Define the beta function B : C+ × C+ → C by
B(x, y) =
∫ 1
0
tx−1(1− t)y−1 dt
and the gamma function Γ : C+ → C by
Γ(z) =
∫ ∞
0
tz−1e−t dt.
The gamma function continuously extends (n−1)!, as Γ(1) = 1 and Γ(z+1) = zΓ(z)
for all z ∈ C+. These are related to each other, and to the volumes of spheres, by
the following well-known equalities.
Lemma 2.14. Each of the following holds:
(a) B(x, y) = Γ(x)Γ(y)Γ(x+y) for all x, y ∈ C+;
(b) cn−1 = 2pi
n/2
Γ(n2 )
for all n ∈ N;
(c) B(k2 ,
l
2 ) =
2ck+l−1
ck−1cl−1
for all k, l ∈ N.
The following is an immediate consequence of Theorem 1 in [3].
Theorem 2.15 (Bustoz–Ismail). The function x 7→ √x Γ(x)
Γ(x+ 12 )
is strictly decreasing
on (0,∞).
Theorem 2.15 and Lemma 2.14(a) together imply the following inequality for the
beta function, which has, to the best of my knowledge, gone unremarked upon in
the literature.
Lemma 2.16. For any x, y ≥ 0, B(x+ 12 , y) <
√
x
x+yB(x, y).
This may be used to prove Lemma 2.13.
Proof of Lemma 2.13. If n = k, then equality is clear. If n > k, write l = n − k.
Then Lemma 2.16 implies that
B2
(k + l
2
,
l
2
)
<
k
k + l
B2
(k
2
,
l
2
)
,
which by Lemma 2.14(c) is equivalent to
4c2k+l
c2kc
2
l−1
<
4kc2k+l−1
(k + l)c2k−1c
2
l−1
.
This is equivalent to the strict form of the desired inequality. 
Remark 2.17. The inequality B(k+12 ,
l
2 ) <
√
k
k+lB(
k
2 ,
l
2 ) for k, l ∈ N may also be
derived from Gurland’s inequality
Γ(n+12 )
Γ(n2 )
< n√
2n+1
[15].
3. Proof of the main theorems
3.1. Statement of the main technical result. Theorem 1.3 is built upon the
following result, which contains no assumptions on the target manifold.
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Theorem 3.1. Let M be a compact n-dimensional C1 Riemannian manifold and
ψ1 : M1 ×Tk →M a finite covering map, where M1 ×Tk appears in a NNRC dia-
gram (2.4) that commutes isometrically and in which the manifold M0 is compact.
Let N be a Riemannian manifold and [F ] a homotopy class of maps from M to
N such that F ◦ ψ1 acts trivially on pi1(M1). Then, for the flat semi-Finsler torus
Tm and totally geodesic surjection T : Tk → Tm constructed in subsection 3.2, the
following holds: For any C1 map f ∈ [F ],
E(f) ≥ vol(M)eT ≥ 1
ck−1
vol(M)`2T ≥
nc2nck−1
kc2kc
2
n−1
vol(M)`2T .
Moreover, each of the following holds:
(a) If E(f) = vol(M)eT , then f is totally geodesic;
(b) E(f) = 1ck−1 vol(M)`
2
T if and only if f ◦ψ1 is constant along each M1-fiber and
a homothety along each Tk-fiber;
(c) E(f) =
nc2nck−1
kc2kc
2
n−1
vol(M)`2T if and only if f is a homothety and either M1 is a
point or f is constant.
The next three subsections are devoted to proving this, while the last specializes to
the case of a target with no conjugate points.
3.2. The semi-Finsler torus and totally geodesic surjection associated to
[F ]. Throughout this section, M and [F ] will be assumed to satisfy the hypotheses
of Theorem 3.1. The flat metric on Tk will be denoted by g. The constant κ1
will denote the number of sheets of the covering map ψ1 : M1 × Tk →M , which is
assumed to be a local isometry. For a fixed f ∈ [F ], let f˜ = f◦ψ1 and fˆ = f˜◦ψ. The
topological assumption on F ◦ψ1 is equivalent to the statement that f˜ ◦ ιz induces
the trivial homomorphism on pi1(M1) for all z ∈ Tk, where ι denotes inclusion.
Fix pˆ ∈M0, and let (p, x) = ψ(pˆ, 0). Then
G = f˜∗(pi1(M1 × Tk)) = (f˜ ◦ ιx)∗(pi1(M1))(f˜ ◦ ιp)∗(pi1(Tk)) = (f˜ ◦ ιp)∗(pi1(Tk))
is a free Abelian group of rank 0 ≤ m ≤ k. Since the metric on Rk is flat, one may
suppose that φ is the quotient map induced by a lattice Γ1 equal to the span, with
integer coefficients, of a set of vectors V = {v1, . . . , vk}. Each geodesic segment
t 7→ tvi, where t ∈ [0, 1], descends via φ to a closed geodesic si based at x, and
{[s1], . . . , [sk]} is a minimal generating set for pi1(Tk). Let σi = f˜ ◦ ιp ◦ si. Without
loss of generality, one may suppose that G is generated by [σ1], . . . , [σm].
Denote by dG the orbit metric induced by the action of G ∼= Zm on Nˆ , by dZm
the induced metric on Zm, and by ‖ · ‖∞ the corresponding asymptotic semi-norm
on Rm. Endow Tm = Rm/Zm with the constant semi-Finsler metric ‖ · ‖∞. For
each j = 1, . . . ,m, let wj be the vector in Zm corresponding to [σj ]. There exist
integers sij ∈ Z such that [σi] =
∑m
j=1 sij [σj ] for each i = 1, . . . , k. Define a linear
map Tˆ : Rk → Rm by Tˆ (vi) =
∑m
j=1 sijwj . Then Tˆ descends to a totally geodesic
surjection T : Tk → Tm. Let S˜ : M1 × Tk → Tm be the map that’s constant on
each M1-fiber and agrees with T on each Tk-fiber.
Let Fˆ : M0 × Rk → Nˆ be a lift of f˜ as in Lemma 2.8, and let dˆ be the distance
function on Rk obtained as the quotient of the pull-back Fˆ ∗(dNˆ ) by M0. The
following relates ‖Tˆ (·)‖∞ to dˆ. The basic idea of the proof is to use Theorem 2.3(i),
but one must account for v that point in irrational directions.
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Lemma 3.2. Each of the following holds:
(a) There exists D ≥ 0 such that, for all v ∈ TzˆRk, ‖Tˆ (v)‖∞ ≤ dˆ(zˆ, zˆ + v) +D;
(b) For all v ∈ TzˆRk, ‖Tˆ (v)‖∞ = limt→∞ dˆ(zˆ,zˆ+tv)t .
Proof. (a) By Lemma 2.8, there exists D0 ≥ 0 such that
dNˆ (Fˆ (qˆ0, zˆ0), Fˆ (qˆ1, zˆ1)) ≤ D0
whenever dRk(zˆ0, zˆ1) ≤ diam(Tk). Fix u0, u1 ∈ Γ1 such that
dRk(zˆ, u0), dRk(zˆ + v, u1) ≤ diam(Tk).
For i = 0, 1, let αi : [0, 1] → M1 × Tk be the loop αi(s) = (p, φ(sui)), and let
αˆi : [0, 1]→M0 × Rk be the lift of αi along ψ satisfying αˆi(0) = (pˆ, 0). Then
(3.1) |dNˆ (Fˆ ◦ αˆ1(1), Fˆ ◦ αˆ0(1))− dˆ(zˆ, zˆ + v)| ≤ 2D0.
Write ui =
∑k
j=1 cijvj , so that pi1 ◦ αi ∈
∑k
j=1 cij [sj ]. Then f˜ ◦ αi ∈
∑m
j=1 cij [σj ].
By construction,
(3.2)
dNˆ (Fˆ ◦ αˆ1(1), Fˆ ◦ αˆ0(1)) = dG([f˜ ◦ α1], [f˜ ◦ α0])
= dZm
( m∑
j=1
c1jwj ,
m∑
j=1
c0jwj
)
= dZm(0, Tˆ (u1 − u0))
≥ ‖Tˆ (u1 − u0)‖∞,
where the final inequality follows from Lemma 2.4.
Write ‖Tˆ‖∞ = max|wˆ|=1 ‖Tˆ (xˆ + wˆ)‖∞ and D1 = ‖Tˆ‖∞diam(Tk). Since Tˆ is
linear,
(3.3)
∣∣‖Tˆ (u1 − u0)‖∞ − ‖Tˆ (v)‖∞∣∣ ≤ ‖Tˆ (zˆ + v)− Tˆ (u1)‖∞ + ‖Tˆ (zˆ)− Tˆ (u0)‖∞
≤ 2D1.
The result follows from (3.1)-(3.3) with D = 2D0 + 2D1.
(b) If v = 0, the result is clear, so let v 6= 0. The argument is simplified by first
proving two special cases.
Suppose v =
∑m
i=1 aivi for ai ∈ R. Fix ε > 0. By Theorem 2.3(i), there exists
C ≥ 0 such that ∣∣dZm(0, w)− ‖w‖∞∣∣ ≤ ε‖w‖∞
whenever w ∈ Zm satisfies ‖w‖∞ ≥ C. Let t0 = (C + 2D1)/‖v‖∞. For any t ≥ t0,
there exist u0, u1 ∈ Γ1, as in the proof of (a), such that (3.1)-(3.3) hold with respect
to the corresponding αi. By (3.3), ‖Tˆ (u1 − u0)‖∞ ≥ C. So
(3.4)
∣∣dZm(0, Tˆ (u1 − u0))− ‖Tˆ (u1 − u0)‖∞∣∣ ≤ ε‖Tˆ (u1 − u0)‖∞.
As in (3.2), dZm(0, Tˆ (u1 − u0)) = dNˆ (Fˆ ◦ αˆ1(1), Fˆ ◦ αˆ0(1)). This and (3.1), (3.3),
and (3.4) imply∣∣dˆ(zˆ, zˆ + tv)− ‖Tˆ (tv)‖∞∣∣ ≤ ε‖Tˆ (tv)‖∞ + 2D0 + 2(1 + ε)D1.
The conclusion follows in this case.
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The case v =
∑k
i=m+1 aivi is easier, since one may take u1 − u0 =
∑k
i=m+1 bivi
for bi ∈ Z. It follows that dˆ(zˆ, zˆ + tv) ≤ 2D0 and, consequently,
‖Tˆ (v)‖∞ = 0 = lim
t→∞
dˆ(zˆ, zˆ + tv)
t
.
The general case follows by writing v = v0 + v1, where v0 =
∑m
i=1 aivi and v1 =∑k
i=m+1 aivi. Then ‖Tˆ (v)‖∞ = ‖Tˆ (v0)‖∞. The proof is completed by applying the
triangle inequality to dˆ. 
3.3. Length and intersection. Write l = dim(M0), so that n = dim(M) = k+ l.
As the results of this subsection will all hold trivially when n = 0, suppose n > 0,
which ensures that i([F ]) is well defined. Define constants
dkl =
{
0 if k = 0
ck+l
ck
√
2ck−1
k if k > 0
.
Theorem 3.3. Length and intersection are related by i([F ]) = dklvol(M)`T .
Proof. If k = 0, the result holds trivially, so suppose k > 0. One may show that
the length of T is independent of the choice of representative f ∈ [F ] used in its
construction, so suppose, without loss of generality, that f is C1. Let C ≥ 0 be
an upper bound for |df | on the unit sphere bundle SM . Then φt(w) ≤ Ct for all
w ∈ SM .
Let Fˆ : M0 × Rk → Nˆ be a lift of f˜ = f ◦ ψ1 guaranteed by Lemma 2.8.
It follows from Lemma 3.2(b) that, for each w ∈ SxM , w˜ ∈ Sx˜(M1 × Tk), and
wˆ = (uˆ, vˆ) ∈ Sxˆ(M0 × Rk) such that ψ∗(wˆ) = w˜ and (ψ1)∗(w˜) = w,
‖dT (w˜)‖∞ = ‖Tˆ (vˆ)‖∞ = lim
t→∞
dNˆ (Fˆ (pˆ, xˆ+ tvˆ), Fˆ (pˆ, xˆ))
t
= lim
t→∞
φt(w)
t
.
Thus
(3.5)
i([F ]) =
∫
SM
lim
t→∞
φt(w)
t
dLiouSM
=
1
κ1
∫
M1×Tk
∫
S(p˜,x˜)(M1×Tk)
‖dS˜(w˜)‖∞ dvolS(p˜,x˜)(M1 × Tk)dvolM1×Tk ,
where the first equality follows from the bounded convergence theorem. Note that
(3.6)
∫
Sx˜Tk
‖dT (v˜)‖∞dvolSx˜ =
√
2ck−1
k
`T .
If l = 0, then n = k, M1 × Tk ∼= Tk, and the result follows immediately. Suppose
l > 0. Let ρ : {(u˜, v˜) ∈ S(p˜,x˜)(M1 × Tk)
∣∣ v˜ 6= 0} → Sx˜Tk be defined by ρ(w˜) =
dpi0(w˜)/|dpi0(w˜)|, i.e, ρ(u˜, v˜) = v˜/|v˜|. Applying the coarea formula with respect to
ρ yields∫
S(p˜,x˜)(M1×Tk)
‖dS˜(w˜)‖∞ dvolS(p˜,x˜)(M1×Tk)
=
∫
Sx˜Tk
‖dT (v˜)‖∞
∫
ρ−1(v˜)
|dpi0(w˜)|k dvolρ−1(v˜)dvolSx˜Tk .
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Another application of the coarea formula shows that∫
ρ−1(v˜)
|dpi0(w˜)|kdvolρ−1(v˜) = cl−1
∫ 1
0
rk(1− r2) l2−1 dr = 1
2
cl−1B
(k + 1
2
,
l
2
)
.
Thus
(3.7)
∫
S(p˜,x˜)(M1×Tk)
‖dS˜(w˜)‖∞ dvolS(p˜,x˜)(M1×Tk)
=
1
2
cl−1B
(k + 1
2
,
l
2
) ∫
Sx˜Tk
‖dT (v˜)‖∞dvolSx˜Tk .
The result follows from (3.5)-(3.7) and Lemma 2.14(c). 
3.4. Main inequalities. This subsection begins with a simple integral inequality,
the proof of which is elementary.
Lemma 3.4. Let f : [a, b] → R be a measurable function, and let a = x0 < x1 <
· · · < xn = b be a partition of [a, b] for some n ≥ 1. Then
n−1∑
i=0
[
∫ xi+1
xi
f(t) dt]2
xi+1 − xi ≥
[
∫ b
a
f(t) dt]2
b− a .
It is now possible to prove Theorem 3.1.
Proof of Theorem 3.1. Without loss of generality, suppose that the map f ∈ [F ]
used in the construction of S is C1. Let Fˆ : M0 × Rk → Nˆ be a lift of f˜ of the
form in Lemma 2.8. Denote by κ0 the number of sheets of the covering map χ in
diagram (2.6).
For each r ∈ N, define a parallelotope Pr = {
∑k
i=1 tivi
∣∣ 0 ≤ ti ≤ r}, where, as
before, Γ1 = {
∑k
i=1mivi
∣∣mi ∈ Z}. By Lemma 2.10, M0 × Pr is the union of κ0rk
fundamental domains of ψ. Thus
(3.8)
E(f) =
1
κ1κ0rk
E(Fˆ |M0×Pr )
≥ 1
κ1κ0rk
∫
M0
E(Fˆ ◦ ιqˆ|Pr ) dvolM0
for each qˆ ∈ M0. For such qˆ and w ∈ S+∂Pr, define ςqˆ,w : [0, `(w)] → N by
ςqˆ,w = Fˆ ◦ ιqˆ ◦ γw, where γw is the geodesic in Rk with initial vector w. A version
of Lemma 2.2 for manifolds with corners implies that
(3.9) E(f) ≥ 1
κ1κ0rk
∫
M0
k
2ck−1
∫
S+∂Pr
E(ςqˆ,w)g(w, ν) dvolS+∂Pr ,
with equality if and only if Fˆ is constant along each M0-fiber.
By Lemma 3.2(a), there exists D ≥ 0 such that
L2(ςqˆ,w)
`(w)
≥ `(w)‖Tˆ (w)‖2∞ − 2D‖Tˆ (w)‖∞
for all qˆ and w. This and inequality (2.3) imply that
(3.10) E(ςqˆ,w) ≥ `(w)‖Tˆ (w)‖2∞ − 2D‖Tˆ (w)‖∞.
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Combining (3.9) and (3.10) yields
(3.11)
E(f) ≥ vol(M0)
κ1κ0rk
k
2ck−1
∫
S+∂Pr
`(w)‖Tˆ (w)‖2∞g(w, ν) dvolS+∂Pr
− D‖Tˆ‖∞vol(M0)
κ1κ0
k
ck−1
vol(S+∂Pr)
rk
.
Since Tˆ is linear, E(Tˆ |Pr ) = vol(Pr)eTˆ . By Lemma 2.2,
eTˆ =
E(Tˆ |Pr )
vol(Pr)
=
k
2ck−1
1
vol(Pr)
∫
S+∂Pr
`(w)‖Tˆ (w)‖2∞g(w, ν) dvolS+∂Pr .
Since eT = eTˆ ,
(3.12) vol(M)eT =
vol(M0)
κ1κ0rk
k
2ck−1
∫
S+∂Pr
`(w)‖Tˆ (w)‖2∞g(w, ν) dvolS+∂Pr .
An elementary argument shows that vol(S
+∂Pr)
rk
→ 0 as r → ∞. The inequality
E(f) ≥ vol(M)eT follows from this, (3.11), and (3.12) by letting r →∞.
(a) Suppose E(f) = vol(M)eT . Fix r ∈ N. For each R = (r1, . . . , rk) ∈ {0, . . . , r −
1}k, let QR be the translation of P1 by
∑k
i=1 rivi. By Lemma 2.2,∫
S+∂Pr
E(ςqˆ,w)g(w, ν) dvolS+∂Pr =
∑
R
E(Fˆ ◦ ιqˆ|QR)
for each qˆ ∈M0. By symmetry,
1
rk
∫
M0
∫
S+∂Pr
E(ςqˆ,w)g(w, ν) dvolS+∂Pr =
∫
M0
E(Fˆ ◦ ιqˆ|P1) dvolM0
for each r ∈ N. Combining this with the arguments used to prove (3.8)-(3.12) yields
vol(M)eT = E(f)
≥ 1
κ1κ0
k
2ck−1
∫
M0
∫
S+∂P1
E(ςqˆ,w)g(w, ν) dvolS+∂P1 dvolM0
= lim inf
r→∞
1
κ1κ0
k
2ck−1
1
rk
∫
M0
∫
S+∂Pr
E(ςqˆ,w)g(w, ν) dvolS+∂Pr dvolM0
≥ vol(M)eT .
Thus all of the above are equalities. In particular, equality holds in (3.9) for r = 1,
which means Fˆ is constant along each M0-fiber.
For each Ω = (ω1, . . . , ωk) ∈ {0, 1}k, denote by µΩ : SRk → {0, 1} the indicator
function of S(rQΩ), `Ω : S(rQΩ)→ [0,∞) the length of the segment rQω ∩ γw(R),
and LΩ : S(rQΩ)→ [0,∞) the integral LΩ(w) =
∫∞
−∞(µΩ ◦ γ′w)‖ς ′qˆ,w‖∞ dt. Then∫
S+∂Pr
L2(ςqˆ,w)
`(w)
g(w, ν)dvolS+∂Pr =
1
2k
∫
S+∂P2r
[ ∑
`Ω 6=0
L2Ω(w)
`Ω(w)
]
g(w, ν) dvolS+∂P2r
≥ 1
2k
∫
S+∂P2r
L2(ςqˆ,w)
`(w)
g(w, ν) dvolS+∂P2r ,
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where the equalities follow from Santalo´’s formula and the inequality from Lemma
3.4. Therefore,
vol(M)eT ≥ vol(M0)
κ1κ0
k
2ck−1
∫
S+∂P1
L2(ςqˆ,w)
`(w)
g(w, ν) dvolS+∂P1
≥ lim inf
r→∞
vol(M0)
κ1κ0
k
2ck−1
1
2kr
∫
S+∂P2r
L2(ςqˆ,w)
`(w)
g(w, ν) dvolS+∂P2r
≥ lim inf
r→∞
kvol(M0)
2kr+1κ1κ0ck−1
∫
S+∂P2r
[`(w)‖Tˆ (w)‖2∞ − 2D‖Tˆ (w)‖∞]g(w, ν) dvolS+∂P2r
= vol(M)eT .
By the condition for equality in (2.3), each ςqˆ,w must have constant speed. Lemma
3.2(a) implies that each ςqˆ,w has speed at least ‖Tˆ (w)‖∞. This, the above equalities,
and (3.12) imply that each ςqˆ,w has speed ‖Tˆ (w)‖∞.
It follows from the argument used to prove (3.2), and in particular Lemma 2.4,
that ςqˆ,w is a geodesic whenever w ∈ S+∂Pr satisfies γw(s) − γw(0) ∈ Γ1 for some
s > 0. The density of these rational vectors implies that each ςqˆ,w is a geodesic. By
Lemma 2.9, f is totally geodesic.
(b) If E(f) = 1ck−1 vol(M)`
2
T , then, by part (a) and Lemma 2.9, f˜ is constant along
each M1-fiber. For each p ∈M1, f˜ ◦ ιp has energy 1ck−1 vol(M)`2T and, by Theorem
3.3, intersection 2ck−1k vol(T
k)`2T . By Theorem 1.2, f˜ ◦ ιp is a homothety.
Conversely, if f˜ is constant along each M1-fiber and a homothety along each
Tk-fiber, then it follows from Lemma 3.2(b) that E(f) = 1ck−1 vol(M)`
2
T .
(c) If E(f) =
nc2nck−1
kc2kc
2
n−1
vol(M)`2T , then E(f) =
1
ck−1
vol(M)`2T . By part (b), f˜ is
constant along each M1-fiber and a homothety along each Tk-fiber. If `T = 0, then
E(f) = 0, so f is constant. If `T > 0, then nc
2
nc
2
k−1 = kc
2
kc
2
n−1. Lemma 2.13
implies that n = k, so M1 is a point. Thus f˜ and, consequently, f are homotheties.
Conversely, suppose f˜ is a homothety. If f is constant, then it’s clear that
E(f) =
nc2nck−1
kc2kc
2
n−1
vol(M)`2T . If M1 is a point, then k = n, and, by part (b), E(f) =
nc2nck−1
kc2kc
2
n−1
vol(M)`2T . 
Lemma 3.5. Suppose that every geodesic in Nˆ is minimal. If [F ] contains a totally
geodesic map, then ‖ · ‖∞ is induced by a semi-inner product.
Proof. One may suppose that the map f is totally geodesic. By Lemma 2.5, Fˆ is
constant along each M0-fiber and totally geodesic along each Rk-fiber. Therefore,
Fˆ (M0 × Rk) is a totally geodesic and flat m-dimensional submanifold of Nˆ . Since
each geodesic in Nˆ is minimal, it follows from Lemma 3.2(b) that ‖ · ‖∞ is induced
by the pull-back of the inner product on Rm under the linear map Tˆ . 
Remark 3.6. If N is compact and the induced homomorphism of [F ] is non-trivial
on pi1(M), then, by modifying the proof of Theorem 8.3.19 in [2], one may show
that ‖ · ‖∞ is a norm.
Remark 3.7. Lemma 2.13, and consequently the inequality in Remark 2.17, may
be obtained without using the results of Bustoz–Ismail or Gurland by applying The-
orems 1.2 and 3.1b and Theorem 3.3 to the projection Tk × Tl → Tk.
16 JAMES DIBBLE
3.5. Targets with no conjugate points. The aim of this subsection is to prove
Theorem 1.3. Note that Theorem 1.1 is an immediate consequence of Theorems
2.6 and 1.3.
Suppose that pi1(N) is torsion-free. Since M0 is compact, the covering map
χ : M1 → M0 in diagram (2.5) must be finite. It follows that pi1(M1) is finite
and, consequently, F ◦ ψ1 acts trivially on pi1(M1). Moreover, H = f∗(pi1(M)),
being a torsion-free group containing G ∼= Zm as a finite-index subgroup, must be
a Bieberbach group [5]. It follows that there exist a compact flat manifold K and
a finite covering map φ1 : Tm → K. Endow K with the flat semi-Finsler metric
‖ · ‖∞, so that φ1 is a local isometry. Since the universal cover of K is contractible,
there exists a map M → K with surjective induced homomorphism. Applying the
classical theorem of Eells–Sampson [13], or the results of [11], one finds that this
map is homotopic to a totally geodesic surjection S : M → K. By construction, S˜
is a lift of S to M1 × Tk → Tm.
It is clear that E(S) = vol(M)eT . Applying the coarea formula as in the proof
of Theorem 3.3, one may show that
L2(S) =
nc2nck−1
kc2kcn−1
vol(M)2`2T .
Thus the inequalities in Theorem 1.3 are equivalent to those in Theorem 3.1. When
N has no conjugate points, pi1(N) is torsion free, and the above hold.
It remains to prove that, when N has no conjugate points, the converse of Theo-
rem 3.1(a) and the simpler version of (c) in Theorem 1.3 hold. Suppose in this case
that f is totally geodesic. By Lemma 2.9, f˜ is constant along each M1-fiber and
totally geodesic along each Tk-fiber. For each q˜ ∈ M1 and w ∈ STk, the geodesic
t 7→ f˜(q˜, exp(tw)) has minimal length within its endpoint-fixed homotopy class and,
by Lemma (3.2)(b), speed ‖dT (w)‖∞. A direct computation, simplified by Lemma
3.5, shows that E(f) = E(f˜)/κ1 = E(S), which proves the converse to (a). If f is a
homothety, then f is totally geodesic and, by Lemma 2.9, f˜ is constant along each
M1-fiber. If f is non-constant, then, since there exists a ≥ 0 such that f ∗ (h) = ah,
M1 must be a point. Theorem 1.3(c) now follows from Theorem 3.1(c).
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